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We investigate the energy-momentum tensor form factors of the nucleon in nuclear medium, based
on an in-medium modified pi-ρ-ω soliton model, with medium modifications of the mesons considered.
The results allow us to establish general features of medium modifications of the structure of nucleons
bound in a nuclear medium.
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I. INTRODUCTION
The energy-momentum tensor (EMT) form factors
(FFs) provide a new aspect on the structure of the nu-
cleon, since they contain essential information on how the
constituents of the nucleon behave inside a nucleon. The
EMTFFs have drawn considerable attention only very
recently, even though they were first proposed by Pagels
several decades ago [1]. The reason lies in the fact that
the natural probe to access the EMTFFs is the graviton,
which is by no means a tractable tool to measure them
experimentally. In the meantime the generalized par-
ton distributions (GPDs) paved the way for novel under-
standing of the inner structure of the nucleon [2–5]. The
EMTFFs are given by Mellin moments of certain GPDs
and characterize how mass, spin and internal forces are
distributed inside a nucleon [3, 6, 7]. The EMTFFs are
as fundamental as for instance the electromagnetic form
factors but provide different insights.
The EMTFFs of the nucleon parametrize the nucleon
matrix elements of the symmetric EMT operator as fol-
lows [6, 7]:
〈p′|Tˆµν(0)|p〉 = u¯(p′, s′)
[
M2(t)
PµPν
MN
+ J(t)
i(Pµσνρ + Pνσµρ)∆
ρ
2MN
+ d1(t)
∆µ∆ν − gµν∆2
5MN
]
u(p, s) , (1)
where P = (p + p′)/2, ∆ = (p′ − p) and t = ∆2. The
MN and u(p, s) denote the mass and the spinor of the
nucleon, respectively. The form factor M2(t) is related
to the distribution of the energy density inside the nu-
cleon. The quark and gluon contributions to this form
factor at zero-momentum transfer are known from stud-
ies of deep-inelastic scattering and tell us that about a
half of the momentum of a fast moving nucleon is car-
ried by quarks, and the other half by gluons. The form
factor J(t) is related to the total angular momentum of
quarks and gluons, and is not known experimentally. It
is equally important to understand the form factor d1(t)
in Eq. (1), since it describes how the strong forces are
distributed and stabilized in the nucleon [7, 8]. In all
theoretical studies so far the value of this form factor
at zero-momentum transfer, d1 ≡ d1(0), was found to
have a negative sign, and it was argued that this fact
is deeply rooted in the spontaneous breakdown of chiral
symmetry [9–11]. Information on EMTFFs can be ob-
tained from studies of hard exclusive reactions, and in
particular on d1(t) from the beam charge asymmetry in
deeply virtual Compton scattering.
The EMTFFs of the free nucleon were studied in the
bag model [12] and in soliton models in Refs. [13–17],
and most recently in the framework of the π-ρ-ω soli-
tonic model [18]. This model highlighted the role of ρ-
and ω-mesons in describing the nucleon structure. As
known from the one-boson exchange potential for the
nucleon-nucleon interaction, the vector mesons provide
short-range repulsive forces, while the pion degrees of
freedom furnish long-range attractive ones [19]. The
EMTFF d1(t) accommodates the ideal ground to study
the interplay of the attractive and repulsive forces, which
must exactly balance each other to comply with stability
requirements. The characteristics of the vector mesons in
the π-ρ-ω solitonic model turned out to be very similar
to the one-boson exchange potential: The pion provides
attraction at large distances, which is exactly balanced
by repulsion at short distances due to vector mesons.
The nucleon is known to undergo changes in nuclear
medium due to its environment. The EMTFFs feature
essential information on how the nucleon is modified in
2medium. Thus, it is very important to examine the
medium modification of the EMTFFs of the nucleon.
These form factors have been studied so far only in the
framework of the medium-modified Skyrme-model [20].
In this context, it is of great importance to extend the
recent investigation in the chiral solitonic model with ex-
plicit π, ρ and ω mesonic degrees of freedom [18] to nu-
clear matter based on a medium-modified π-ρ-ω soliton
model [21] and to study how the structure of the nu-
cleon undergoes changes due to the surrounding nuclear
environment. The EMTFFs will directly reveal how the
changes of the π, the ρ, and the ω in medium will affect
the properties of the nucleon. This is our main purpose
in the present work. Moreover, the studies of nuclear
medium effects may shed light on the EMTFFs of nuclei
for which conflicting theoretical predictions exist [22–24].
The first measurements of deeply virtual Compton scat-
tering on nuclei by HERMES [25] did not reach the level
of accuracy required to resolve nuclear effects. But future
experiments at Jefferson Lab may provide new insights
into the way how the nucleon is modified in medium.
The present work is organized as follows: In Section II,
we briefly explain the formalism of the medium-modified
π-ρ-ω soliton model. In Section III, we derive the expres-
sions for the EMTFFs within the present framework. In
Section IV, we discuss the results of the EMTFFs. In
the final Section we summarize and draw conclusions.
Appendix contains an alternative general proof of the
stability condition for the π-ρ-ω soliton model.
II. GENERAL FORMALISM
We start from the in-medium modified effective chiral
Lagrangian with the π, ρ, and ω meson degrees of free-
dom, where the nucleon arises as a topological soliton.
Using the asterisk to indicate medium modified quanti-
ties, the Lagrangian has the form
L∗ = L∗pi + L∗V + L∗kin + L∗WZ, (2)
where the corresponding terms are expressed as
L∗pi =
f2pi
4
Tr
(
∂0U∂0U
†
)− αp f2pi
4
Tr
(
∂iU∂iU
†
)
+αs
f2pim
2
pi
2
Tr (U − 1) , (3)
L∗V =
f2pi
2
Tr
[
Dµξ · ξ† +Dµξ† · ξ
]2
, (4)
L∗kin = −
1
2g2V ζV
Tr
(
F 2µν
)
, (5)
L∗WZ =
(
Nc
2
gω
√
ζω
)
ωµ
ǫµναβ
24π2
×Tr{(U †∂νU) (U †∂αU) (U †∂βU)} . (6)
Here, the SU(2) chiral field is written as U = ξ†L ξR in
unitary gauge, and the field-strength tensor and the co-
variant derivative are defined, respectively, as
Fµν = ∂µVν − ∂νVµ − i[Vµ, Vν ] , (7)
Dµ ξL(R) = ∂µ ξL(R) − i Vµ ξL(R), (8)
where the vector field Vµ includes the ρ-meson and ω-
meson fields, i.e. ρµ and ωµ, respectively, expressed as
Vµ =
gV
√
ζV
2
(τ · ρµ + ωµ) (9)
with the Pauli matrices τ in isospin space.
Note that in Eqs. (4), (5) and (9) subscript V generi-
cally stands for both the ρ-meson and the ω-meson and
for compactness we keep the generic form of those ex-
pressions. One can separate Eqs. (4) and (5) into the ρ-
and ω-meson parts using the definitions (7), (8) and (9).
Then gV appearing in the ρ-meson part denotes gρ, and
gV in the ω-meson part designates gω. Finally, Nc = 3 is
the number of colors.
Now let us discuss the parameters of the model ap-
pearing in the Lagrangian in Eqs. (3)-(6). They can be
classified into two different classes: (i) some of the param-
eters fpi, mpi, gρ, gω and Nc are related to the quantities
in free space while (ii) the other parameters αp, αs and
ζV are pertinent to nuclear matter properties.
1
In free space αp = αs = ζω = ζρ = 1 and the free-space
parameters are fixed by using either experimental or em-
pirical data on pions and vector mesons [26]. The pion
decay constant and mass are taken to be fpi = 93 MeV
and mpi = 135 MeV (the neutral pion mass). The val-
ues of the coupling constants for the ρ and ω mesons
are given respectively as gρ = 5.86 and gω = 5.95. The
Kawarabayashi-Suzuki–Riazuddin-Fayyazuddin (KSRF)
relation connects them to the vector meson masses, i.e.
mρ = 770 MeV and mω = 782 MeV, as follows
2f2pig
2
ρ = m
2
ρ , 2f
2
pig
2
ω = m
2
ω . (10)
In general, the parameters αp, αs, and ζV stand for the
medium functionals which are the essential quantities in
the present work. They depend on the nuclear matter
density ρ and are defined as
αp(ρ) = 1− 4πc0ρ/η
1 + g′04πc0ρ)/η
,
αs(ρ) = 1− 4πηb0ρm−2pi ,
ζV (ρ) = exp
{
− γnumρ
1 + γdenρ
}
. (11)
They provide crucial information on how the nuclear-
matter environment influences properties of the single
soliton [21]. The η is a kinematic factor defined as
η = 1 +mpi/mN ≃ 1.14. The values of the empirical pa-
rameters b0 = −0.024m−1pi and c0 = 0.09m−3pi are taken
1 ζV denotes also a generic form for both ζρ and ζω which appear
in the corresponding ρ- and ω-meson parts of the Lagrangian.
3from the analysis of pionic atoms and the data on low-
energy pion-nucleus scattering. The g′0 = 0.7 denotes the
Lorentz-Lorenz factor that takes into account the short-
range correlations [27].
The additional parameters γnum and γden are intro-
duced phenomenologically to reproduce the saturation
point at normal nuclear matter. Two different tech-
niques have been discussed in literature [21], in order
to introduce nuclear modifications in the present soliton
approach, and in this work we will explore both models.
Model I: Here one neglects the small mass difference of
the ρ- and ω-mesons in free space (mω = mρ = 770 MeV,
gω = gρ = 5.86) and assumes that the KSRF relation still
holds in nuclear matter
2f2pig
2
ρζρ = m
∗2
ρ = m
∗2
ω , ζρ = ζω 6= 1. (12)
Model II: Here we remove the degeneracy of the vec-
tor meson masses in free space (mρ 6= mω = 782 MeV,
gρ 6= gω = 5.95), and instead of Eq. (12) assume that the
KSRF relation is valid only for the ρ meson, with the ω
meson kept as in free space:
2f2pig
2
ρζρ = m
∗2
ρ 6= m∗2ω , ζρ 6= 1, ζω = 1. (13)
The two different techniques to implement nuclear
modifications within the current approach reflect the pos-
sibility that the ρ- and ω-degrees of freedom could re-
spond differently to a nuclear medium environment [28,
29]. The effects of the ω-mesons are mainly limited to the
inner core of the nucleon. Therefore, the two variants de-
scribe the situation that the inner core of the nucleon is
more (Model I) or less (Model II) affected by medium
effects. The latter is a plausible scenario, at least around
the normal nuclear matter density.
In practice, these two models yield comparable results
in many respects. A notable (and in our context impor-
tant) difference though, is the description of the incom-
pressibility of symmetric nuclear matter: Model I yields
a smaller value of the incompressibility, while Model II
produces a larger one. It means that Model II gives a
stiffer nuclear binding energy and agrees better with the
data [21]. In both models the values of γnum and γden
are fitted to reproduce the coefficient of the volume term
in the empirical mass formula aV ≈ 26 MeV. Although
this is larger than the experimental value aexpV ≈ 16 MeV,
the relative change of the in-medium nucleon mass is re-
produced correctly. (See Eq. (12) in Ref. [21] and the
corresponding explanation.) In Model I we have γnum =
2.390m−3pi and γden = 1.172m
−3
pi , whereas in Model II
we employ γnum = 1.970m
−3
pi and γden = 0.841m
−3
pi . For
further details on these two models in relation to nuclear
matter properties, we refer to Ref. [21].
Since we are interested in homogeneous and symmet-
ric nuclear matter, the nuclear matter density can be
regarded as a constant and the spherically symmetric
hedgehog Ansa¨tze can be employed. (In this situation
the medium functionals αp, αs, ζV become ordinary func-
tions of the nuclear matter density ρ.) With the notation
nˆ = x/r and r = |x|, the chiral soliton and the vector
fields can be expressed in terms of the radial profile func-
tions F (r), G(r), and ω(r):
U = exp {iτ · nˆF (r)} ,
ρaµ =
ε0µkanˆk
gρ
√
ζρr
G(r) ,
ωµ = ω(r)δµ0. (14)
Note that the presence of the factor (gρ
√
ζρ)
−1 in ρai is
essential to keep the same boundary conditions for the
medium-modified profile function G(r) as in free space,
i.e. G(0) = −2.
Utilizing the hedgehog Ansa¨tze, we are able to derive
the static energy functional from the Lagrangian, which
is identified as the classical soliton mass:
M∗sol = 4π
∫ ∞
0
dr r2
{
αpf
2
pi
(
sin2 F
r2
+
F ′2
2
)
+ αsf
2
pim
2
pi (1− cosF ) +
2f2pi
r2
(1− cosF +G)2 − ζωg2ωf2piω2
+
1
g2ρζρr
2
(
G′2 +
G2 (G+ 2)
2
2r2
)
− 1
2
ω′2 +
(
3
2
gω
√
ζω
)
1
2π2r2
ω sin2 F F ′
}
, (15)
where f ′ = ∂f/∂r, generically.
The next step is to minimize the classical soliton mass.
This is done by solving the equations of motion for each
meson field, which are derived as
F ′′ = −2
r
F ′ +
1
αpr2
(
4 (G+ 1) sinF − (2− αp) sin 2F
)
+
αsm
2
pi
αp
sinF − 3gω
√
ζω
4π2αpf2pi
sin2 Fω′
r2
, (16)
G′′ = 2f2pig
2
ρζρ (G+ 1−cosF ) +
(G+ 2) (G+ 1)G
r2
, (17)
ω′′ = −2
r
ω′ + 2f2pig
2
ωζωω −
3gω
√
ζω
4π2r2
F ′ sin2 F (18)
with the corresponding boundary conditions
F (0) = π, G(0) = −2, ω′(0) = 0,
4F (∞) = G(∞) = ω(∞) = 0. (19)
Having quantized the soliton collectively, we obtain
U(r, t) = A(t)U(r)A+(t) ,
ωi(~r, t) =
Φ(r)
r
(
K × r
r
)
i
,
τ · ρ0(r, t) = 2
gρ
A(t)τ · [Kξ1(r)
+ nˆ (K · nˆ) ξ2(r)]A+(t),
τ · ρi(r, t) = A(t)τ · ρi(r)A+(t), (20)
where 2K denotes the angular velocity of the soliton with
the relation iτ · K = A+A˙. This leads to the time-
dependent collective Hamiltonian
H(t) =M∗sol + λ
∗Tr(A˙A˙+), (21)
where λ∗ denotes the moment of inertia for the rotating
soliton
λ∗ = 4π
∫ ∞
0
dr
{
2
3
f2pir
2
(
sin2 F + 8 sin4
F
2
− 8ξ1 sin2 F
2
+ 3ξ21 + 2ξ1ξ2 + ξ
2
2
)
+
1
3g2ρζρ
(
4G2
(
ξ21 + ξ1ξ2 − 2ξ1 − ξ2 + 1
)
+ 2
(
G2 + 2G+ 2
)
ξ22 + r
2
(
3ξ′21 + ξ
′2
2 + 2ξ
′
1ξ
′
2
) )
−1
6
(
Φ′2 +
2Φ2
r2
+ 2f2pig
2
ωζωΦ
2
)
+ gω
√
ζω
ΦF ′
2π2
sin2 F
}
. (22)
In the large Nc limit, we are able to minimize the mo-
ment of inertia, so that we derive the coupled nonlinear
differential equations for the next-order profile functions
ξ1, ξ2 and Φ
ξ′′1 = 2f
2
pig
2
ρζρ (cosF + ξ1 − 1)
+
G2 (ξ1 − 1) + 2(G+ 1)ξ2
r2
− 2ξ
′
1
r
, (23)
ξ′′2 = 2f
2
pig
2
ρζρ (− cosF + ξ2 + 1)−
2ξ′2
r
+
G2 (ξ1 − 1) + 2 [(G+ 3)G+ 3] ξ2
r2
, (24)
Φ′′ = 2f2pig
2
ωζωΦ−
3gω
√
ζωF
′ sin2 F
2π2
+
2Φ
r2
(25)
with the boundary conditions defined as
ξ′1(0) = ξ
′
2(0) = Φ(0) = 0,
ξ1(∞) = ξ2(∞) = Φ(∞) = 0. (26)
The boundary conditions for ξ1 and ξ2 are constrained
to satisfy 2ξ1(0) + ξ2(0) = 2 that remains unchanged
in nuclear matter. The other details can be found in
Ref. [21].
III. ENERGY-MOMENTUM TENSOR FORM
FACTORS
Using the definition of the canonical EMT operator
T µν∗ =
∂L∗
∂(∂φa)
∂νφa − gµνL∗, (27)
where φa are the relevant meson degrees of freedom
and gµν = diag(1, −1, −1 ,−1) is the metric tensor
in Minkowski space, and the Lagrangian as defined in
Eq. (2), we can derive the expressions for the densities
of the EMT. The resulting EMT is symmetric and the
expressions for its components are given as
T 00∗ (r) = αp
f2pi
2
(
2
sin2 F
r2
+ F ′2
)
+ αsf
2
pim
2
pi (1− cosF ) +
2f2pi
r2
(1− cosF +G)2 − f2pig2ωζωω2
+
1
g2ρζρr
2
(
G′2 +
G2 (G+ 2)
2
2r2
)
− 1
2
ω′2 +
(
3
2
gω
√
ζω
)
1
2π2r2
ω sin2 F F ′ , (28)
T 0i∗ (r, s) =
eilmrlsm
(s× r)2 ρ
∗
J (r) , (29)
T ij∗ (r) = s∗ (r)
(
rirj
r2
− 1
3
δij
)
+ p∗ (r) δij , (30)
where T00(r) is called the energy density, which provides
information on how the mass is distributed inside a nu-
cleon. The vector s represents the direction of the quanti-
5zation axis for the spin and coincides with the space part
of the polarization vector of the nucleon in the rest frame.
The densities ρ∗J (r), p
∗(r) and s∗(r) denote respectively
the angular momentum, pressure and shear-force densi-
ties in nuclear matter, which are derived as
ρ∗J (r) =
f2pi
3λ∗
(
sin2 F + 8 sin4
F
2
− 4 sin2 F
2
ξ1
)
+
1
3g2ρζρr
2λ∗
[
(2− 2ξ1 − ξ2)G2
]
+
gω
√
ζω
8π2λ∗
Φ sin2 FF ′ , (31)
p∗ (r) = −1
6
αpf
2
pi
(
F ′2 + 2
sin2 F
r2
)
− αsf2pim2pi (1− cosF )−
2
3r2
f2pi (1− cosF +G)2 + f2pig2ωζωω2 +
1
6
ω′2
+
1
3g2ρζρr
2
(
G′2 +
G2 (G+ 2)
2
2r2
)
, (32)
s∗ (r) = αpf
2
pi
(
F ′2 − sin
2 F
r2
)
− 2f
2
pi
r2
(1− cosF +G)2 + 1
g2ρζρr
2
(
G′2 − G
2 (G+ 2)
2
r2
)
− ω′2 . (33)
We will follow Refs. [17, 20] to compute the EMTFFs
in a consistent way, and consider for each quantity only
the respective leading contribution in the large Nc limit.
Thus, the EMTFFs are derived as
M∗2 (t)−
t d∗1(t)
5M∗2N
=
1
M∗N
∫
d3r T ∗00(r) j0(r
√−t) , (34)
d∗1(t) =
15M∗N
2
∫
d3r p∗(r)
j0(r
√−t)
t
, (35)
J∗(t) = 3
∫
d3r ρ∗J(r)
j1(r
√−t)
r
√−t , (36)
where j0(z) and j1(z) represent the spherical Bessel func-
tions of order 0 and 1, respectively.
Some of the EMT densities are required to satisfy the
following constraints
1
M∗N
∫
d3r T ∗00(r) = M
∗
2 (0) = 1 , (37)∫
d3r ρ∗J (r) = J
∗(0) =
1
2
, (38)∫
d3r p∗(r) = 0. (39)
Equation (37) means that the volume integral of the en-
ergy density reproduces the nucleon mass. The second
constraint given in Eq. (38) indicates that the nucleon
has spin 12 , and the third one (39) is the necessary con-
dition for stability [31] of the nucleon and is also known
as the von Laue condition [32].
The nuclear medium modifies the dynamics inside the
nucleon as compared to the free space case, which may
result in quantitatively distinct features. However, the
general soliton structure in medium is kept to be the
same as in free space. The proofs of the relations (37–
39) for a nucleon in medium, can therefore be step by
step carried over from corresponding proofs given for a
free nucleon in Ref. [18], and we do not repeat them here.
In Appendix A we give an alternative proof of the von
Laue condition (39).
IV. RESULTS AND DISCUSSIONS
In this Section, we present and discuss the numerical
results. In Table I, we list the results of the quantities
relevant to the EMT densities and FFs in free space. One
can see that both the results from Model I and Model II
are very similar to each other, which indicates that the
differences of the masses and the coupling constants be-
tween the ρ meson and the ω meson parameters are not
crucial in free space. The results from Model I were re-
ported in Ref. [18].
The relative in-medium changes in the EMT densities
and the EMTFFs are presented in Table II. For com-
parison we include the results from the Skyrme model
without (in Table I) and with (in Table II) medium mod-
ifications [20]. Depending on the quantity, the absolute
numbers from the Skyrme model of Ref. [20] and the
π-ρ-ω soliton model studied here differ significantly, see
Table I. For instance, the energy density and the pres-
sure in the center of the nucleon are lower in the Skyrme
model [20] than those of the present work. In large part,
these differences can be attributed to the smaller soliton
mass Msol = 881MeV in the Skyrme model [20] as com-
pared to 1473MeV in the present work. However, the
aim of this work is not to compare the Skyrme and π-ρ-
ω soliton models per se. 2 Rather this work is focused
on studying nuclear medium effects. It is therefore a re-
2 That would require tuning model parameters to have more com-
parable soliton descriptions. For more discussion of Skyrme and
pi-ρ-ω soliton models for a free nucleon, from the point of view
of EMT properties, see Ref. [18].
6T00(0)
〈
r200
〉 〈
r2J
〉
p(0) r0 d1(0) 〈r
2
F 〉[
GeV/fm3
] [
fm2
] [
fm2
] [
GeV/fm3
]
[fm]
[
fm2
]
Present work (Model I) 3.56 0.78 0.74 0.58 0.55 −5.03 1.00
Present work (Model II) 3.51 0.79 0.74 0.59 0.55 −5.13 1.01
Skyrme model [20] 1.45 0.68 1.09 0.26 0.71 −3.54 1.10
TABLE I: The quantities relevant to the nucleon EMT densities and their form factors for the free space nucleons: T00 (0) is
the energy density in the center of the nucleon; 〈r200〉 is the mean-squared radius of the energy density; 〈r
2
J〉 represent that
of the angular momentum distributions; p(0) denotes the pressure value at the origin; r0 designates the node of the pressure
distribution such that p(r0) = 0; d1(0) corresponds to the d1 (t) form factors at zero momentum transfer; and 〈r
2
F 〉 is defined
below in Eq. (43).
T ∗00(0)/T00(0)
〈
r200
〉
∗
/
〈
r200
〉 〈
r2J
〉
∗
/
〈
r2J
〉
p∗(0)/p(0) r∗0/r0 d
∗
1(0)/d1(0) 〈r
2
F 〉
∗/〈r2F 〉
Present work (Model I) 0.61 1.36 1.04 0.59 1.18 1.11 1.31
Present work (Model II) 0.52 1.46 1.09 0.59 1.22 1.33 1.44
Skyrme model [20] 0.49 1.40 1.24 0.50 1.27 1.37 1.41
TABLE II: The ratio of the quantities at normal nuclear matter density ρ = ρ0 to those in free space presented in Table I. For
comparison the results from the in-medium modified Skyrme model [20] are also presented.
markable observation that, in spite of numerically very
different absolute descriptions, in Table I, the relative im-
pact of a nuclear environment on the properties of a single
nucleon is qualitatively similar in the π-ρ-ω soliton- and
Skyrme-model, see Table II.
The energy density in the center of the nucleon, T ∗00(0),
is rather sensitive to the change of the nuclear matter
density. The value of T ∗00 from Model I is reduced by
around 40% and that from Model II decreases by almost
50%. This is in line with the observations made in the
Skyrme model [20], where T ∗00 also decreased by about
50%. It indicates to some degree the well known fact that
the nucleon mass tends to decrease in nuclear matter.
The energy mean-squared radius 〈r200〉∗ is defined as
〈r200〉∗ =
∫
d3r r2 T ∗00(r)∫
d3r T ∗00(r)
. (40)
As shown in Table I, the value of 〈r200〉∗ increases from
0.78 (0.79) fm2 to 1.06 (1.15)fm2 in the case of Model I
(Model II) when the density changes from zero to the
normal nuclear matter density. The rate of the change
in 〈r200〉∗ is almost the same as in the case of the Skyrme
model (see Table II). It implies that the size of the nu-
cleon in medium generally increases. We will discuss the
physical implications of other quantities along with the
EMTFFs.
In the left panel of Fig. 1 we depict the results of the
energy density normalized by the nucleon mass as func-
tions of the radial distance r. While there is almost no
difference between Model I and Model II in free space,
we find that T ∗00(r) in nuclear matter undergoes a larger
change in Model II than in Model I. This can be traced
back to the fact that the ω meson in Model II is assumed
to remain intact in nuclear matter, while in Model I both
the ρ and ω meson masses undergo medium modifica-
tions. In general, the energy density is broadened and
its maximum is reduced in nuclear medium. The broad-
ening of the energy density can be more clearly seen in
the density weighted by the factor 4πr2 as shown in the
right panel of Fig. 1, which results in the above-discussed
increase of the energy mean-squared radius 〈r200〉∗.
Figure 2 draws the spin densities of the nucleon as a
function of r, normalized by its spin. As in the case of
the energy densities, the spin density of the nucleon is
also broadened in nuclear matter and its maximum is
lessened. Note that the integration of the spin density
over the space gives the spin of the nucleon, as defined
in Eq. (38). This means that the decrease of the mag-
nitude of the spin density in nuclear matter is compen-
sated by the broadening of the density in such a way that
the nucleon spin turns out be always one half. The spin
mean-squared radius increases slightly in nuclear matter
as shown in Table II, which is interesting because the
〈r200〉∗ exhibits the increment in nuclear matter by about
40% whereas the 〈r2J 〉∗ increases by less than 10%.
Technically, the small changes in the angular momen-
tum distribution can be understood from Eq. (31). One
can see that the distribution corresponding to the ex-
ternal part of the soliton has no medium factor. This
is due to the fact that the time-dependent part of the
Lagrangian L∗pi is not modified in nuclear matter. As a
result, the contribution from the outer shell of the ro-
tating soliton remains more or less the same as in free
space. Although the inner part of the soliton has ex-
plicit medium factors, clearly they will not lead to larger
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changes.3 The medium-modified Skyrme model exhibits
a similar tendency [20], though the relative increase of
〈r2J 〉∗ is more substantial in that model, see Table II.
Figure 3 depicts the pressure densities in a free nu-
cleon and in a nucleon in nuclear matter. In fact, the
pressure density is the most interesting quantity in un-
derstanding the modification of the nucleon in nuclear
matter, because it reveals vividly the internal dynamics
3 The situation becomes different when one considers the effects
of explicit isospin symmetry breaking [30] due to the explicit
medium modification of the time-dependent part of the L∗pi.
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FIG. 3: The pressure density p∗(r) as a function of radial
distance r. The solid and dashed curves depict the densities
respectively from Model I and Model II in free space. The
dotted and dot-dashed ones represent respectively those from
Model I and Model II in nuclear matter.
in the nucleon. As shown in Fig. 3, the pressure density
is positive in the inner region, and negative in the outer
region. This must be so on general grounds. Positive
pressure in the inner region signals repulsive forces, neg-
ative pressure in the outer region means attractive forces.
Repulsive forces in the inner and attractive forces in the
outer parts must balance each other exactly according to
Eq. (39).
As in the case of the energy and spin densities, we ob-
serve that the pressure density is also broadened in nu-
clear matter and its modulus is reduced. In Table II, we
list the values of the pressure density at r = 0, i.e. p∗(0),
and those of r∗0 , which designate the position in which
the sign of the pressure density changes. The simulta-
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FIG. 4: The shear-force density s∗(r) as a function of radial
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respectively from Model I and Model II in free space. The
dotted and dot-dashed ones represent respectively those from
Model I and Model II in nuclear matter.
neous overall decrease of the modulus of p(r), and the
broadening of the pressure density in nuclear matter oc-
cur in such a way that the results of the pressure density
in medium also comply with the stability condition (39).
It is interesting to compare the pressure distributions
in Model I and Model II. One can see that the absolute
value of the pressure in Model II is larger in comparison
with that in Model I. In the present approach, the nu-
cleon in nuclear environment is a stable object by itself.
No “external forces” due to the nuclear medium are re-
quired to stabilize it. However, nuclear matter has an
impact on the nucleon. In this sense, it is a physically
appealing observation that the stiffer nuclear matter and
the higher incompressibility in Model II [21] cause the nu-
cleon to be subject to stronger internal forces, for which
the magnitude of p(r) is a measure. The stronger re-
pelling inner forces in Model II make moreover the nu-
cleon swell more strongly in nuclear matter. We have
seen above the consequence of this: the relative decrease
in energy density in the nucleon core is more pronounced
in Model II. (See also the second column of the Table II.)
In this context it is interesting to remark that in
nuclear matter the mass of the ω-meson is reduced in
Model I but not in Model II. Thus, the nucleon is made
of heavier degrees of freedom in Model II. Heavier degrees
of freedom cause stronger internal forces [16], i.e. a larger
magnitude of the pressure distribution which we observe
in Fig. 3. (In principle, heavier degrees of freedom also
contribute to a larger energy density in the nucleon [16].
However, in this work the parameters are fixed to repro-
duce the same nucleon mass in free space, and the same
mass reduction for a nucleon bound in nuclear matter.
Hence this effect on the energy density is not apparent.)
In Fig. 4, we draw the numerical results of the density
of shear forces. The conservation of the EMT implies (in
a static situation which we encounter here) that the spa-
tial components of the EMT satisfy ∂iTij = 0. Starting
from Eq. (30), one then obtains the differential equation
2
3
∂s∗(r)
∂r
+ 2
s∗(r)
r
+
∂p∗(r)
∂r
= 0 . (41)
It is straightforward to verify Eq. (41) by using the ex-
pressions (32, 33) for s∗(r) and p∗(r) and the differential
equations (16–18) for the profile functions F (r), G(r) and
ω(r). Eq. (41) shows that s∗(r) and p∗(r) are related to
each other. However, the shear forces offer a new per-
spective and therefore equally instructive insights on the
internal structure. In order to discuss what we learn from
s∗(r), let us review the liquid drop analogy. In a liquid
drop s∗(r) would be given by a delta-function concen-
trated around the edge of the drop, and the coefficient
of the delta-function would be the surface tension. The
liquid drop model was explored in [7] to compute the D-
terms of nuclei. Figure 4 shows that the nucleon is much
more diffuse than nuclei: the “delta-function” is strongly
smeared out. Nevertheless, the maximum of the shear-
force density indicates the “edge of the nucleon” [15].
The effect of the nuclear medium is to shift the peak of
s∗(r) towards larger r and broaden the shear force dis-
tribution. So the nucleon swells and becomes even more
diffuse in nuclear medium, which confirms independently
what we observed from other densities. Notice that the
peak of s∗(r) is larger in Model II than in Model I, as
the higher “surface tension” has to oppose stronger in-
ner forces in Model II. This reflects independently the
stronger response of the nucleon to the stiffer nuclear en-
vironment in Model II.
In order to examine the modification of the nucleon
in detail, it is instructive to consider the contribution of
each meson to the pressure density. In Fig. 5 we plot
each contribution of the pure pionic part L∗pi, the pure
vector meson part L∗kin and the interaction part L∗V to
the pressure density, which discloses the most prominent
feature of the pressure density. As in free space, the
pion furnishes a strong attraction with the long-range
asymptotics, which reflects the fact that the soliton can
never be stabilized by the pion only. Both the vector
mesons come into play to make the soliton stable. On
the other hand, the Skyrme quartic term stabilizes the
soliton in the Skyrme model. Thus, in the present model,
the ρ and ω mesons do play the same role as the Skyrme
quartic term [33–35]. The present results for the pressure
distribution illustrate this well-known fact.
The roles of the pion and the vector mesons were al-
ready discussed in free space [18]. Compared with the re-
sults in free space (indicated by the thin lines in Fig. 5),
in the nuclear medium the effect of the pion turns out to
be noticeably suppressed, while the vector meson kine-
matic contribution is amplified, and the part due to the
interaction term in turn is significantly suppressed. All
contributions suffer a shift towards larger r, which il-
lustrates the microscopic dynamics responsible for the
swelling of the nucleon size in medium.
It is instructive to examine how the interaction part
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L∗V is modified in nuclear medium. The contribution of
L∗V in nuclear matter is reduced and turns even negative
before r reaches 1 fm, see Fig. 5. This change is less
pronounced in Model II than in Model I, which reflects
the fact that the ω meson mass is not modified in nuclear
medium in Model II. Therefore in Model II the core part
of the in-medium nucleon is less modified compared to
the free space case, see Fig. 5.
Another consequence of keeping the omega parameters
at their values in free space, is that the positive part
of the pressure density from L∗kin + L∗V turns out to be
larger in Model II than in Model I. This implies relatively
larger repelling forces in the inner region, and causes a
larger swelling of the nucleon in Model II as compared to
Model I. (Compare the changes of all mean-squared radii
in Model I with those in Model II as listed in Table II.)
With the densities discussed above, we can immedi-
ately derive the corresponding EMTFFs. In Figs. 6-8 we
depict the results of the three EMTFFs defined in Eq. (1).
Note that the M∗2 (t) and J
∗(t) are constrained to be 1
and 1/2 at t = 0 respectively as shown in Eqs. (37) and
(38). Similarly to the in-medium Skyrme model [20], the
mass form factor M∗2 (t) and the spin form factor J
∗(t) in
nuclear medium fall off more rapidly than those in free
space. This reflects that the corresponding mean-squared
radii in nuclear matter become larger, as we have shown
already in Table II.
The last form factor, which is called the D-term form
factor, is distinguished from the other two form factors.
It is not constrained by any condition. However, the
negative sign of d1 at t = 0, which is called the D term,
arises as a consequence of stability. TheD term is defined
in terms of the pressure density
d∗1 = 5πM
∗
N
∫ ∞
0
dr r4p∗(r). (42)
Recall that the analog integral over r2p∗(r) vanishes due
to the stability condition (39). This implies that d∗1 must
have a negative value, because r4 in the integrand of
Eq. (42) lessens the contribution from the inner (positive)
part of the pressure density but amplifies that from the
outer (negative) part. The explicit value of d1 and its
change in nuclear matter are given in Tables I and II. The
magnitude of d∗1 in nuclear matter is larger than that in
free space. This can be understood from Fig. 3 in which
the pressure density in nuclear matter was shown to be
shifted to the outer region and became more strongly
negative as r increases. As shown in Fig. 8, the d∗1 form
factor in nuclear matter falls off more rapidly than that
in free space, as the other two form factors do.
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depict the form factor respectively from Model I and Model II
in free space. The dotted and dot-dashed ones represent re-
spectively those from Model I and Model II in nuclear matter.
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We note that the comparison of the results from Mod-
els I and II explicitly shows that d∗1 form factor is very
sensitive to the stabilization mechanism, i.e. to the inter-
play between the internal and external forces which sta-
bilize the soliton. This is seen from Table II, where the
change of d∗1 in Model II is much larger than in Model I.
Finally, we discuss the mean-squared radius of the
EMT trace operator [15]. The form factor of the EMT
trace operator can be expressed in terms of the other
EMTFFs, so that the mean-squared radius 〈r2F 〉 (in the
notation of Ref. [15]) can be given as
〈r2F 〉∗ = 〈r200〉∗ −
12d∗1
5M∗2N
. (43)
The importance of this quantity lies in the fact that in
QCD in the chiral limit the trace anomaly [36] relates
it to the mean-squared radius of the gluonic operator
GµνGµν . Although explicit gluonic degrees of freedom
are absent, chiral soliton models allow one to evaluate
consistently the trace of the EMT, and thus to obtain
in this way insights on this quantity [15]. In Table I we
see that in Model I and Model II 〈r2F 〉 = 1 fm2 in free
space. A similar value was obtained in the Skyrme model
of Ref. [20] (though it was not explicitly reported there).
In the chiral quark-soliton model [15, 16] and a differ-
ent Skyrme model study [17], comparable values were
obtained for 〈r2F 〉. It is an important observation that
the π-ρ-ω model confirms the results from other solitonic
approaches concerning the magnitude of 〈r2F 〉. Thus, the
large value of the 〈r2F 〉 appears to be a robust predic-
tion of chiral soliton models. Their prediction for the
mean-squared radius of the trace of the EMT operator
is remarkable [15], especially if one confronts it with the
QCD sum rule study in which the mean-squared radius of
the traceless part of the gluonic contribution to the EMT
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in free space. The dotted and dot-dashed ones represent re-
spectively those from Model I and Model II in nuclear matter.
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was predicted to be one-order-of-magnitude smaller [37].4
In our context, it is also interesting to explore the ef-
fects of the nuclear environment on the trace of the EMT
operator. Table II shows that nuclear medium effects in-
crease the mean-squared radius of the EMT trace oper-
ator by 30–40% in Model I and II in the π-ρ-ω-soliton
framework, and similarly in the Skyrme model [17]. This
is rather remarkable. At this point one has to be cau-
tious, because one should take the chiral limit in order
to isolate a gluonic contribution to the EMT trace oper-
ator. This will be an interesting task for future studies.
Here we content ourselves to remark that, by exploring
the trace anomaly, studies of the EMT provide a unique
opportunity to learn about nuclear medium effects on
certain gluonic quantities.
V. CONCLUSIONS AND SUMMARY
The present work aimed at investigating the energy-
momentum tensor form factors in nuclear matter within
the framework of the medium-modified π-ρ-ω soliton
model. The parameters in the model have been fixed by
using the experimental data. The medium functionals,
which are introduced to describe the influence of a nu-
clear environment on the properties of the single soliton,
have been fixed by using the analysis of pionic atoms and
4 The instanton vacuum approach provides a natural explanation
for this observation. The trace of the EMT operator receives
one-instanton contributions. In contrast, the traceless part arises
from instanton anti-instanton configurations [15] and is therefore
of higher order in the instanton packing fraction, which is the
small parameter in the instanton vacuum approach describing
the diluteness of the instanton medium [38].
11
the data on low-energy pion-nucleus scattering. We set
up two different models, Model I and Model II, by making
different assumptions on the KSRF relation. Both pro-
vided comparably satisfactory descriptions of medium ef-
fects, where Model II describes a stiffer nuclear medium.
We computed the densities associated with the energy
momentum tensor, and found that they all exhibited
qualitatively similar patterns in nuclear medium: they
are diminished in the inner region of the nucleon and
broadened towards larger distances. This nicely illus-
trates the well-known facts that the nucleon swells and
its mass is reduced in nuclear matter. In particular, the
discussion of the pressure distribution has shown in great
detail how the nucleon is stabilized in nuclear medium by
the interplay of the different degrees of freedom within
the π-ρ-ω soliton model. While the description of the
energy-momentum tensor densities is qualitatively simi-
lar in Model I and Model II, we made the interesting ob-
servation that a stiffer nuclear medium causes the nucleon
to experience stronger internal forces. We also derived
the three energy-momentum tensor form factors M2(t),
J(t), d1(t), and showed that they fall off faster than those
in free space, which reflects that in general the mean-
squared radii become larger in nuclear medium.
In all theoretical studies so far, the D-term d1 ≡ d1(0)
was found to be negative, for the nucleon [12–18], the
pion [9], nuclei [7, 22], photons [39], and Q-balls [40].
The negative sign of the D-term was confirmed also for a
nucleon bound in nuclear medium in Ref. [20] and in the
present work. Medium effects do not change the generic
pattern how internal forces balance to form a stable nu-
cleon. However, they alter the strengths and ranges of
the various contributions from the π-, ρ- and ω-meson
degrees of freedom. The D-term is the quantity most
sensitive to modifications in the interplay of attractive
and repulsive internal forces inside the nucleon. The re-
sults obtained in this work and in the medium-modified
Skyrme model [20] will shed light on nuclear medium ef-
fects on the energy-momentum tensor form factors.
To summarize, the study of the energy-momentum ten-
sor form factors reveals directly the internal structure of
the nucleon in both free space and in nuclear matter, of
which the latter was in the focus of the present work. It
is of great importance to investigate the nucleon inside
the isospin asymmetric matter [30], in neutron stars as
well as inside real nuclei, where surface effects become
essential. Related works are under way.
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Appendix A: Proof of von Laue condition
In this Appendix we present an alternative proof of the
von Laue condition in Eq. (39). We substitute r → r′ =
λr in Eq. (15) (and drop the prime on the integration
variable r′ for simplicity). This yields
M∗sol(λ) = λ 4π
∫ ∞
0
dr r2
{
1
g2ρζρr
2
(
G′2 +
G2 (G+ 2)2
2r2
)}
+ λ04π
∫ ∞
0
dr r2
{(
3
2
gω
√
ζω
)
1
2π2r2
ω sin2 F F ′
}
+
1
λ
4π
∫ ∞
0
dr r2
{
αpf
2
pi
(
sin2 F
r2
+
F ′2
2
)
+
2f2pi
r2
(1− cosF +G)2 − 1
2
ω′2
}
+
1
λ3
4π
∫ ∞
0
dr r2
{
αsf
2
pim
2
pi (1− cosF )− ζωg2ωf2piω2
}
. (A1)
The transformation r → λr corresponds to a dilatational variation. The soliton solution is a minimum of the energy
functional for any type of variations. Therefore, M∗sol(λ) must have a minimum at λ = 1, which implies that
dM∗sol(λ)
dλ
∣∣∣∣
λ=1
= 4π
∫ ∞
0
dr r2
{
1
g2ρζρr
2
(
G′2 +
G2 (G+ 2)
2
2r2
)}
− 4π
∫ ∞
0
dr r2
{
αpf
2
pi
(
sin2 F
r2
+
F ′2
2
)
+
2f2pi
r2
(1− cosF +G)2 − 1
2
ω′2
}
12
− 3× 4π
∫ ∞
0
dr r2
{
αsf
2
pim
2
pi (1− cosF )− ζωg2ωf2piω2
}
= 3× 4π
∫ ∞
0
dr r2 p∗(r)
!
= 0 . (A2)
In the last step, we explored the fact that the integrand
in the energy functional is the same as the expression for
the pressure density in Eq. (33) with factor 3 multiplied.
This proves the von Laue condition in Eq. (39).
The dilatational variation is a standard procedure to
prove the existence of an energy extremum. Equa-
tion (A2) implies a relation among the different contribu-
tions to the soliton energy, which is sometimes known as
a “virial theorem”. Analog proofs of the von Laue con-
dition were formulated in the chiral quark-soliton model
[15] and Skyrme model [17].
Notice that the Wess-Zumino term does not contribute
to p∗(r) because the omega-field ω(r)δµ0 has no spatial
components in the Ansatz (14) and hence makes no con-
tribution to the stress tensor. In our proof, we see that
the Wess-Zumino term drops out from the von Laue con-
dition (39) since its contribution to the soliton energy
scales as λ0 in M∗sol(λ) and therefore does not appear in
the dilatational variation in Eq. (A2).
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